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Current quantisations of fermions in cylindrical coordinates are shown to be inadequate in cal-
culating some single-particle expectation values. This paper develops an alternate quantisation,
applicable to one-particle states, which is generalised to rotating frames in cylindrical coordinates.
Using this quantization, an explicit calculation of the velocity of a flat space free fermion as observed
by a rotating observer is presented. This calculation demonstrates the validity of this quantisation
and the cancellation of non-inertial rotational effects in the velocity, naively expected from the
mixing of particle and anti-particle field operators.
I. INTRODUCTION
The quantisation of fields in non-Minkowskian met-
rics can give rise to observable effects, not otherwise
present in the flat-space formalism. The most no-
table examples are Hawking’s black-hole evaporation [11]
and Fulling-Davies-Unruh’s [7][5][19] accelerating ther-
mal bath. These semi-classical gravitational and iner-
tial effects occur due to the differing operators that arise
when quantizing fields in inequivalent reference frames.
Different quantum operators necessarily imply different
vacuum states between the two quantisations of the field.
Linking the two quantisations via Bogoliubov transfor-
mations [4] can give extra contributions to standard
flat-space observer expectation values when dealing with
fields in non-Minkowskian metrics. Specific examples of
these effects can be found in the references [15][14][8][9]
and in the reviews [4][13][16].
Due to these effects, it is important to be able to quan-
tise fermionic matter fields in common metrics in order to
estimate any deviation to expectation values in standard
Minkowskian quantum field theory (QFT) calculations.
This paper focuses on the case of the non-inertial metric
associated with rotation, which can have useful applica-
tion to calculations involving rotating particles such as
in storage rings, synchrotron’s and various cosmological
and astrophysical scenarios (e.g. [6]).
Some specific quantisations for spinor fields in rotating
frames have been developed (see for example [12], [20],
[1]), however these follow quantisations completed in flat-
space using cylindrical coordinates ([2], [18], [3]) where
the field quanta represent standing waves composed of ra-
dially in-going and out-going components. These quanti-
sations are inadequate to describe free one-particle states
in rotating and flat space scenarios as the quanta are not
representative of free single state Minkowskian particles
with a definite trajectory. A clear example of the inade-
quacy of these quantisations is given through the calcula-
tion of the radial current density of a one particle state in
these quantisations. This calculation is shown to vanish
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for all quantum numbers of the one particle state (demon-
strated in Section III). This result is an artefact of choos-
ing the boundary condition such that the field vanishes
at the origin. However, one should bear in mind that
the origin in cylindrical coordinates is associated with a
coordinate divergence and has no relevance to physics.
In order to adequately calculate one-particle expecta-
tion values, a new quantisation is required. I propose
an alternate quantisation where the quanta represents a
one particle state with definite radial momenta which
can be intuitively matched to a single particle in flat
Minkowskian space. This quantization applies equally
well to flat or rotating spaces in cylindrical coordinates.
In the generalised rotating case, the Bogoliubov coeffi-
cients are calculated between the rotating and flat space
quantisations allowing arbitrary expectation values to be
calculated for the alternate quantisation in the rotating
frame. Of particular interest, is the presence of a non-
zero β coefficient. This suggests a mixing between the
flat space particle and anti-particle states in the rotat-
ing frame. Naively, this would imply an oscillatory mo-
tion (Zitterbewegung [15]) when estimating the velocity
of a Minkowskian one particle state in the rotating frame.
Through explicit calculation of the velocity expectation
value using the new quantisation, we show that the non-
inertial effects of rotation cancel out, leading to no ob-
servable Zitterbewegung effect due to rotation.
II. STANDARD QUANTISATION OF
FERMIONS IN A ROTATING FRAME
The line element used to specify the rotating frame,
which is rotating at a constant angular velocity, ω, rela-
tive to an inertial observer is (in cylindrical coordinates)
ds2 = (1−ω2r2)dt2−dr2−r2dθ2−2ωr2dθdt−dz2 . (1)
The Dirac equation in a general spacetime can be written
as
ieµaγ
a∇µψ −mψ = 0 . (2)
Here Latin indices and Greek indices represent flat and
curved space Lorrentz indices respectively and m is the
2mass of the fermion, ψ. The tetrad eaµ is introduced to
allow the Dirac gamma matrices to be written in their
flat space representation{
γa, γb
}
= 2ηab . (3)
The spinor affine connection Γµ is contained within the
covariant derivative as follows
∇µψ = ∂µψ + Γµψ , (4)
and is determined by the choice of tetrads. For this met-
ric, it is convenient to use the cylindrical tetrad gauge
as in [12]. In this gauge, the non-vanishing tetrad com-
ponents are (lower indices representing rotating coordi-
nates)
e0t = e
1
r = e
3
z = 1,
e0θ = ωr e
2
r = r,
(5)
which give the following non-zero components for the
spinor affine connection
Γt =
ω
2
γ1γ2, Γθ =
1
2
γ1γ2 . (6)
Thus the Dirac equation in the rotating metric (1) using
the cylindrical tetrad gauge (5) can be written as[
iγ0 (∂t − ω∂θ)
+ iγ1∂r + i
γ2
r
(∂θ − iS3) + iγ3∂z −m
]
ψ = 0 ,
(7)
where S3 =
i
2γ
1γ2 is the spin operator in the z-direction.
It should be noted that a different gauge choice for the
tetrad, such as the Cartesian gauge in [1] will differ from
the solutions presented here by a rotation in spinor space.
In specifying the solutions to this equation, we fix the
spinor structure to be eigenvectors of the following four
commuting operators
Hˆ = i∂t, Pˆz = −i∂z
Jˆz = −i∂θ, Sˆz = −γ5γ3 − iγ5 ∂z
m
.
(8)
Here Jˆz gives the total angular momentum, which has no
spin dependent term (opposed to [2]), usually associated
with total angular momentum, due to the gauge choice
of the tetrads. Hence the eigenvalue of this operator is
set to be l + 12 where l is an integer, corresponding to a
half-integer spin fermion. The Sˆz operator gives the spin
projection along the z-axis and has eigenvalues
sz = s
√
m2 + p2z
m
, s = ±1, (9)
with pz being the eigenvalue of the Pˆz operator. With
these operators specified, using the chiral basis for the
gamma matrices and imposing the boundary condition
that the field is regular at r = 0, the solutions of (7) are
ψ+E,l,pz,s =
e−iE˜t+i(l+
1
2
)θ+ipzz
4pi
√
m
√
sz
(
m(msz + pz)
− 1
2φE,l,pz ,s(r)
(msz + pz)
1
2 φ∗E,l,pz ,s(r)
)
,
(10)
where the bi-spinor φE,l,pz ,s is defined as:
φE,l,pz ,s(r) =


√
|E|√
E
√
E +msz Jl(p⊥r)
−i
√
E√
|E|
√
E −msz Jl+1(p⊥r)

 , (11)
and p⊥ =
√
E2 −m2 − p2z is the perpendicular mo-
mentum, Jl are Bessel functions of the first kind and
E˜ = E − ω (l + 12) is the eigenvalue of the Hamiltonian
and hence the energy as defined in the rotating frame.
This energy is shifted by ω(l + 12 ) compared to a non-
rotating observer.
It should be noted that the general solution to (7) also
involves Bessel functions of the second kind, which are
divergent at the origin. The boundary condition impos-
ing the field to be regular at the origin removes these
divergent solutions leading to a field that is quantised as
standing waves with zero radial current.
The negative energy solutions can be obtained via the
charge conjugation operator
ψ−E,l,pz,s = Cψ
T
= iγ2γ0γ0
T
ψ∗+E,l,pz,s . (12)
These states are normalised using the Dirac inner prod-
uct
〈ψ, χ〉 =
∫
d3x
√−g ψ†(x)χ(x) , (13)
such that
〈ψ±E,l,pz,s, ψ±E′,l′,p′z,s′〉 = δss′ δll′ δ(pz − p
′
z)δ(E − E′)
〈ψ±E,l,pz,s, ψ∓E′,l′,p′z,s′〉 = 0 .
(14)
Using these mode functions it is possible to construct the
quantum field
ΨˆR(x) =
∞∑
l=−∞
∫ ∞
E˜>0,|E|≥m
dE
∫ p
−p
dpz
∑
s=±1
[
aˆj ψ
+
j (x) + bˆ
†
j ψ
−
j (x)
]
.
(15)
Here we have simplified the notation by compacting
all the quantum numbers to a single index, j =
{E, θp, pz, s}. We have also introduced the flat space mo-
mentum, p =
√
E2 −m2. The quantization derived here,
is similar to those typically used to quantise fermionic
fields in a rotating frame [12][20][1] and in cylindrical co-
ordinates [2][18]. Note that through the limits placed
on the energy integral, specific l modes have been ex-
cluded to ensure the energy-momentum relationship is
preserved.
3The energy of a rotating particle, E˜ = E − ω(l + 12 ),
which is always positive, allows the quantum number,
E, to be negative for certain values of l. This quan-
tum number partly defines operators {aˆj, bˆj}. In a non-
rotating frame, E is necessarily greater than zero. The
fact that rotation allows this number to become nega-
tive means that for certain values of l, flat space particle
operators will behave as anti-particle operators in the
rotating frame. This will lead to non-zero β Bogoliubov
coefficients between rotating and flat space operators in
Section V.
III. SHORTCOMINGS OF THE STANDARD
QUANTISATION
In this section, for clarity and without loss of general-
ity, we consider the above quantisation in flat space cylin-
drical coordinates without rotation, i.e ω = 0, E˜ → E.
These solutions are similar to those found in the liter-
ature (e.g. [2][18]) for fermionic fields in cylindrical co-
ordinates. To demonstrate the difficulty in using this
quantisation for calculating expectation values of typical
cartesian one-particle plane-wave states, the radial cur-
rent density is calculated. Specifically,
〈1E,l,pz,s| Jˆ1 |1E,l,pz,s〉
= 〈1E,l,pz,s| r Ψˆ†γ0γ1Ψˆ |1E,l,pz,s〉 ,
(16)
with the Ψˆ operators being defined as in (15) with ω = 0.
Explicitly this becomes,
〈1E,l,pz,s| r Ψˆ†γ0γ1Ψˆ |1E,l,pz,s〉
=
ip⊥
8pi2
[Jl+1(p⊥r)Jl(p⊥r) − Jl(p⊥r)Jl+1(p⊥r)]
= 0 .
(17)
Regardless of energy and angular momenta, all quanta
in this quantisation have a vanishing radial current. The
quanta in this quantisation represent cylindrical standing
waves composed of radially out-going and in-going waves.
This result naturally arises from the choice of boundary
condition when specifying the mode solutions. If one
wishes to calculate how cartesian plane-wave solutions
behave in a cylindrical or rotating frame, it is convenient
to use an alternate quantisation, which is formulated in
the following section.
IV. QUANTISATION OF A SINGLE PARTICLE
IN A ROTATING REFERENCE FRAME
To find mode functions whose quanta can describe the
typical cartesian plane-wave mode solution in the rotat-
ing frame we parameterize the cartesian momentum by
an angle, θp, in the plane of rotation as follows
px = p⊥ cos θp, py = p⊥ sin θp . (18)
Then noting the Jacobi-Anger expansion [10]
e−i(pxx+pyy) =
∞∑
n=−∞
ein(θ−(θp+
pi
2
))Jn(p⊥r) , (19)
we see that plane wave solutions can be constructed
from infinite sums over the angular momenta defining
the quanta in the previous quantisation (15). We can
construct new mode functions as infinite sums of angu-
lar momenta to represent a plane wave quanta. These
quanta will have the angular momentum quantum num-
ber, l, replaced with the parameterized transverse mo-
mentum angle, θp. To take the infinite sum of the mode
functions, a redefinition of the energy is required in order
to ensure the summed mode functions remain an eigen-
vector of the Hamiltonian. This can be done in the fol-
lowing way
ψ+Ω,θp,pz ,s =
1√
2pi3
∞∑
l≤ξ−,l≥ξ+
√
|Eˆ|√
Eˆ
e−iΩt+i(l+
1
2
)(θ−(θp+pi2 ))+ipzz uj(r) .
(20)
The above mode functions, contain the spinor compo-
nents
uj(r) =
( √
m√
sz
√
msz+pz
φ
Eˆ,l,pz ,s
(r)
√
msz+pz√
szm
φ∗
Eˆ,l,pz,s
(r)
)
, (21)
where the bi-spinor φ
Eˆ,l,pz,s
is defined as in (11). Here
Eˆ = Ω + ω(l + 12 ) which now gives an l-dependent
form for the radial momentum in (11), e.g p⊥ =√
(Ω + ω(l+ 12 ))
2 −m2 − p2z. Further we have intro-
duced ξ± = ±
√
m2+p2z−E
ω
− 12 which are required to re-
strict the l summation to persevere the energy momen-
tum relation as was done previously through the integral
limits in the mode functions (15). The negative energy
solutions are again found using the charge conjugation
operator in (12).
This new mode function, which also satisfies the equa-
tion of motion (7), has shifted the ω dependence from
the exponential phase factor containing E˜ in (10) to the
bi-spinor components (11) to ensure the mode function
remains an eigenvector of the Hamiltonian
Hˆψ = Ωψ . (22)
The energy, Ω, as seen by the rotating observer has
been renamed in the mode functions to avoid confusing
it with the previously defined E, which represented the
Minkowskian observed energy. These mode functions are
orthogonal under the Dirac inner product (13) with the
following normalisation
〈ψ±Ω,θp,pz,s, ψ±Ω′,θ′p,p′z,s′〉
=
1
2pi
δ(Ω− Ω′) δ(pz − p′z) δss′
∞∑
l≤ξi,l≥ξ+
e∓i(l+
1
2
)(θp−θ′p) .
(23)
4In the flat space scenario this normalisation can be writ-
ten clearly as
〈ψ±Ω,θp,pz,s, ψ±Ω′,θ′p,p′z ,s′〉 = δ(Ω−Ω
′) δ(θp−θ′p) δ(pz−p′z) δss′ ,
(24)
and behaves similarly in the rotating case. The missing
l modes in the summation have little consequence when
performing Bogoliubov transformations or calculating ex-
pectation values.
We proceed to quantise the field using the standard
canonical quantization procedure. Specifically, we con-
struct the field operator with particles being defined with
respect to the rotating energy, Ω.
ΨˆR(x)
=
∫ ∞
Ω≥m
dΩ
∫ 2pi
0
dθp
∫ p
−p
dpz
∑
s=±1
[
aˆj ψ
+
j (x) + bˆ
†
j ψ
−
j (x)
]
.
(25)
The following standard equal-time anti-commutator re-
lations have been imposed in promoting the field to an
operator in (25)
{ΨˆR(t,x), i
√−g Ψˆ†R(t,y)} = iδ3(x − y) . (26)
These relations imply the following anti-commutators for
the Fock space operators{
aˆj , aˆ
†
j′
}
=
1
2pi
δ(Ω− Ω′) δ(pz − p′z) δss′
∞∑
l≤ξ−,l≥ξ+
e−i(l+
1
2
)(θp−θ′p)
{
bˆj , bˆ
†
j′
}
=
1
2pi
δ(Ω− Ω′) δ(pz − p′z) δss′
∞∑
l≤ξ−,l≥ξ+
ei(l+
1
2
)(θp−θ′p) ,
(27)
with all others vanishing.
With this quantisation, one can now calculate the ra-
dial current as was done previously in (17). For illustra-
tive purposes, we can normalise the radial current, J1,
by the current density, J0, as an estimate for the radial
velocity. Using non-rotating fields (i.e ω = 0) one can
write,
vr =
〈1Ω,θ,pz,s| Jˆ1 |1Ω,θp,pz,s〉
〈1Ω,θ,pz,s| Jˆ0 |1Ω,θp,pz,s〉
=
〈1Ω,θ,pz,s| r Ψˆ†γ0γ1Ψˆ |1Ω,θp,pz ,s〉
〈1Ω,θ,pz,s| r Ψˆ†Ψˆ |1Ω,θp,pz,s〉
=
p⊥
Ω
cos(θ − θp) .
(28)
This quantisation now gives a sensible result for the ra-
dial current and velocity, specifically the radial velocity
expected from a free one-particle travelling with energy,
Ω, and parameterised momentum, θp.
V. BOGOLIUBOV COEFFICIENTS
Given the field operator, (25), we can calculate the
Bogoliubov coefficients which match the operators of the
rotating frame’s field, ΨˆR, to that of a Minkowskian ob-
servers flat space field, ΨˆM , via the relations
αj,j′ = 〈ψ+R,j , ψ+M,j′〉, βj,j′ = 〈ψ−R,j , ψ+M,j′〉 . (29)
The flat space field, ΨˆM can be trivially obtained from
ΨˆR by setting ω = 0. Recalling the set of quantum num-
bers, j = {Ω, θp, pz, s}. These coefficients can be cal-
culated analytically (see Appendix 1) and are found to
be
αj,j′ =
1
2pi
ei(Ω−Ω
′)t δ(pz − p′z) δss′
×
∞∑
l=−∞
ei(l+
1
2
)(θp−θ′p) δ(Eˆ − Ω′)
βj,j′ =
i
2pi
|Ω′|
Ω′
sgn(s)e−i(Ω+Ω
′)t δ(pz + p
′
z) δss′
×
∞∑
l=−∞
e−i(l+
1
2
)(θp−θ′p)eilpi δ(Eˆ +Ω′) .
(30)
Particle mixing/production occurs between the refer-
ences frames when there is a non-zero β Bogoliubov
coefficient. With this quantisation, this occurs when
|Eˆ| = |Ω + ω(l + 12 )| ≥ m and Eˆ = −Ω′. Recalling that
the quantisation of the fields requires that Ω ≥ m, it is
evident that the rotational effects (terms involving ω) al-
low these conditions to be met and therefore give rise to
particle production/mixing. With no rotation, this coef-
ficient is zero and we will therefore see no inertial effects.
These coefficients allow one to relate operators in the
rotating frame, (aˆj , bˆj) with those of a stationary ob-
server in flat space, denoted with capitals (Aˆj , Bˆj) via
the following
aˆj =
∫ ∞
−∞
dj′ αj,j′ Aˆj′ + β∗j,j′ Bˆ
†
j′
bˆ
†
j =
∫ ∞
−∞
dj′ βj,j′ Aˆj′ + α∗j,j′ Bˆ
†
j′ .
(31)
Through these relations we can map rotating vacua to
flat space vacua and vice versa. As the quanta in this
quantisation are the generalisation to rotation of free flat
space plane wave solutions, it is now possible to calcu-
late expectation values in a rotating frame of single free
one-particle states. An example is given in the following
section.
VI. ZITTERBEWEGUNG IN A ROTATING
FRAME
Zitterbewegung (“trembling motion”) of a free elec-
tron was theorised by Schro¨dinger in 1930 [17] and was
5erroneously due to calculations involving superpositions
of positive and negative solutions of the Dirac equation.
These superpositions can be realised between observers
with differing quantisations of the Dirac field. An ex-
ample of this is in an expanding spacetime [15]. Using
this alternate quantisation, we determine if this “trem-
bling motion” (found through calculating a one-particle
state’s velocity) can be observed by a rotating observer.
In order to estimate the velocity of a particle as seen
from a rotating observer one considers the conserved cur-
rent operator
Jˆ
µ
R =
√−g e0aeµb , Ψˆ†RγaγbΨˆR . (32)
To determine the velocity expectation value of a
Minkowskian 1-particle state as observed by a rotating
observer, we calculate the following expectation value
〈1M,p| : JˆµR : |1M,p〉 , (33)
here we have used the notation : : to represent normal-
ordering with respect to the rotating operators. The
|1M,p〉 represents a one-particle Minkowski particle with
quantum numbers p = {Ωp, θp, pz, s} in the Minkowskian
Fock space denoted with subscript M’s and vacuum |0M 〉.
By relating the Minkowski states to rotating states us-
ing relations (31), we can write expectation values of the
form (33) in the following way
〈
1p| : Ψˆ†ROµ ΨˆR : |1p
〉
=
∫ ∫
dj dj′
ψ+j
†
Oµ ψ+j′
[
α∗j,pαj′,p +
∫ ∞
−∞
dk βj,kβ
∗
j′,kδ(0)
]
+
ψ+j
†
Oµ ψ−j′
[
α∗j,pβj′,p +
∫ ∞
−∞
dk βj,kα
∗
j′,kδ(0)
]
+
ψ−j
†
Oµ ψ+j′
[
β∗j,pαj′,p +
∫ ∞
−∞
dk αj,kβ
∗
j′,kδ(0)
]
+
ψ−j
†
Oµ ψ−j′
[
β∗j,pβj′,p −
∫ ∞
−∞
dk β∗j,kβj′,kδ(0)
]
.
(34)
The vector Oµ = {r, rγ0γ1,−rω + γ0γ2, rγ0γ3} shows
explicitly the individual operators required to calculate
the four components of (33) for a rotating frame. All
the divergent terms (terms containing δ(0)) sum to zero,
a result expected from normal ordering the operator in
(33). The remaining terms in equation (34) can be calcu-
lated analytically and represent contributions from pos-
itive and negative mode functions due to the non-zero
β coefficient. The calculations show that the rotation
mixes up contributions from particles and anti-particles,
however for this particular expectation value, the terms
contribute in such a way that there is no net effect ob-
served in the velocity. A sample calculation showing this
for the J0 current is given in Appendix 2 and all other
results are simply stated below.
J0 = Epr
1
8pi3
ξθp,p⊥(θ, r)
Jr = p⊥r
1
8pi3
cos (θ − θp) ξθp,p⊥(θ, r)
Jθ = (−rω + p⊥ sin(θ − θp)) 1
8pi3
ξθp,p⊥(θ, r)
Jz = rpz
1
8pi3
∞∑
l=−∞
ξθp,p⊥(θ, r) ,
(35)
where we have introduced the function
ξθp,p⊥(θ, r) =
∞∑
l=−∞
∞∑
l′=−∞
e−i(l−l
′)(θ−(θp+pi2 ))Jl(p⊥r)Jl′ (p⊥r) .
(36)
We can give an estimate to the velocity of a single-particle
as seen by a rotating observer via
vi =
J i
J0
. (37)
The estimates of the velocity in the rotating frame, gives
vr =
p⊥
Ep
cos(θ − θp)
vθ = −ω + p⊥
rEp
sin(θ − θp)
vz =
pz
Ep
,
(38)
which amount to the standard classical expectation val-
ues for a rotating observer measuring a single particle
state with parameterised momentum, θp. The results
show no explicit ω dependence in velocities other than
the θ direction, which is expected classically.
VII. CONCLUSION
Here we have presented a new quantisation for
fermionic fields in cylindrical co-ordinates applicable to
both flat and rotating metrics. Unlike common quanti-
sations in these coordinates, our quanta have non-zero
radial currents, which match to the expected radial com-
ponent of a particle with a definite trajectory. This quan-
tisation is formulated through the infinite sum of angu-
lar modes in previous calculations allowing the quanta
to match the flat plane waves of cartesian quantisations.
We have shown the operators of the rotating field ex-
hibit mixing through non-zero Bogoliubov coefficients to
those of flat Minkowskian space. Despite this mixing,
through explicit calculation, we have shown that there
are no observable deviations in the velocity expectation
of a particle when observed in a rotating frame. This oc-
curs because the contributions in the expectation value
from the β Bogoliubov coefficients sum in such a way that
6any rotational dependence in the radial velocity expec-
tation is cancelled. The same effect occurs in uniformly
accelerating frames (see [15]).
The Bogoliubov coefficients and field operators pre-
sented here are general, allowing one to calculate any ex-
pectation value in rotating or cylindrical systems using
this new quantisation.
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APPENDIX
1. Bogoliubov Calculation
This section demonstrates the calculation involved in obtaining the βj,j′ Bogoliubov coefficient found in (30). This
coefficient can be evaluated explicitly as
βj,j′ = 〈ψ−R,j |ψ+M,j′ 〉
=
∫ ∞
0
∫ 2pi
0
∫ ∞
−∞
rdrdθdz
32pi3
∑
l≤ξ−,l≥ξ+
∑
l′≤ξ−,l′≥ξ+
√
|Eˆ|
Eˆ
√
|Ω′|
Ω′
e−i(Ω+Ω
′)tei(l+
1
2
)(θ−(θp+pi2 ))+(l′+ 12 )(θ−(θ′p+pi2 ))ei(pz+p
′
z)v(r)†u(r)
(A.39)
Here v(r) is the spinor component associated with the negative mode function, i.e iγ2γ0γ0
T
u(r)∗. Taking the θ and
z integrals, gives a Kronecker delta, δl,−l′−1 allowing one to eliminate one of the l sums and a standard delta function
for the z-momentum. i.e
1
8pi
e−i(Ω+Ω
′)t
√
|Eˆ|
Eˆ
√
|Ω′|
Ω′
∑
l≤ξ−,l≥ξ+
ei(l+
1
2
)(θ′p−θp)δ(pz + p′z)
∫ ∞
0
rdr v(r)†u(r) (A.40)
Now the spinor components have the form
v(r)†u(r) =


i
|Eˆ|
Eˆ
√
Eˆ−msz
√
pz+msz√
msz
Jl+1(p⊥r)
−
√
Eˆ+msz
√
pz+msz√
msz
Jl(p⊥r)
i
|Eˆ|
Eˆ
√
m(Eˆ−msz)√
sz(pz+msz)
Jl+1(p⊥r)√
m(Eˆ+msz)√
sz(pz+msz
Jl(p⊥r)


T 
√
m(Ω′+ms′z)√
s′z(p
′
z+s
′
z)
J−l−1(p′⊥r)
−i |Ω′|Ω′
√
m(Ω′−ms′z)√
s′z(p
′
z+s
′
z)
J−l(p′⊥r)√
Ω′+ms′z
√
p′z+ms
′
z√
ms′z
J−l−1(p′⊥r)
i
|Ω′|
Ω′
√
Ω′−ms′z
√
p′z+ms
′
z√
ms′z
J−l(p′⊥r)


(A.41)
From these spinor relations, it is clear the r integral will run over products of Bessel functions. There will be terms
which contain, ∫ ∞
0
rdr Jl(p⊥r)J−l(p′⊥r)
=
∫ ∞
0
rdr (−1)lJl(p⊥r)Jl(p′⊥r)
=(−1)l δ(p⊥ − p
′
⊥)√
p⊥p′⊥
(A.42)
In the second line we have used the Bessel function relation[10]:
J−n(z) = (−1)nJn(z) , (A.43)
7and have used the normalisation of Bessel functions to get from the second line to the third. We can re-write this
delta function in terms of energies in the following way. First we recall that p⊥ =
√
(Ω + ω(l + 12 ))
2 −m2 − p2z and
p′⊥ =
√
Ω′2 −m2 − p2z. Where we have imposed the delta function, δ(pz + p′z), calculated earlier. Now, we have (for
xi being zero’s of g(x)):
δ(g(x)) =
∑
i
δ(x− xi)
|g′(xi)| (A.44)
Hence
δ(p⊥ − p′⊥)√
p⊥p′⊥
=
1√
p⊥p′⊥
√
Ω′2 −m2 − p2
|Ω′|
[
δ(Eˆ − Ω′) + δ(Eˆ +Ω′)
]
=
1
|Ω′|
(
δ(Eˆ − Ω′) + δ(Eˆ +Ω′)
)
(A.45)
The spin structure is such that the expectation value (A.39) is zero if Eˆ = Ω′ so the first delta function can be safely
ignored. This ultimately leaves us with
βj,j′ =
i
2pi
|Ω′|
Ω′
sgn(s)e−i(Ω+Ω
′)t δ(pz + p
′
z) δss′
∞∑
l≤ξ−,l≥ξ+
e−i(l+
1
2
)(θp−θ′p)eilpi δ(Eˆ +Ω′) . (A.46)
For given energies, Ω, the allowed l sums grow. In a distributional sense, where these Bogoliubov coefficients are
integrated over all allowed energies, the range of the l sums become infinite, and so we write
βj,j′ =
i
2pi
|Ω′|
Ω′
sgn(s)e−i(Ω+Ω
′)t δ(pz + p
′
z) δss′
∞∑
l=−∞
e−i(l+
1
2
)(θp−θ′p)eilpi δ(Eˆ +Ω′) . (A.47)
2. Sample J0 Calculation
Here we present the explicit calculation of (34) for J0, that is with O = r. Substituting the mode functions and
Bogoliubov coefficients and performing the integrals, we achieve the following form
J0 =
r
16pi3
[
+
⌊Ep−m
ω
− 1
2
⌋∑
l=−∞
⌊Ep−m
ω
− 1
2
⌋∑
l′=−∞
e−i(l−l
′)(θ−(θp+pi2 )) [(Ep +msz)Jl(p⊥r)Jl′ (p⊥r) + (Ep −msz)Jl+1(p⊥r)Jl′+1(p⊥r)]
+
⌊Ep−m
ω
− 1
2
⌋∑
l=−∞
⌊−Ep−m
ω
− 1
2
⌋∑
l′=−∞
e−i(l+l
′+1)(θ−(θp+pi2 ))eil
′pi [(Ep −msz)Jl′(p⊥r)Jl+1(p⊥r)− (Ep +msz)Jl′+1(p⊥r)Jl(p⊥r)]
+
⌊−Ep−m
ω
− 1
2
⌋∑
l=−∞
⌊Ep−m
ω
− 1
2
⌋∑
l′=−∞
ei(l+l
′+1)(θ−(θp+pi2 ))e−ilpi [(Ep −msz)Jl(p⊥r)Jl′+1(p⊥r) − (Ep +msz)Jl′ (p⊥r)Jl+1(p⊥r)]
+
⌊−Ep−m
ω
− 1
2
⌋∑
l=−∞
⌊−Ep−m
ω
⌋− 1
2∑
l′=−∞
ei(l−l
′)(θ−(θp+ 3pi2 )) [(Ep +msz)Jl+1(p⊥r)Jl′+1(p⊥r) + (Ep −msz)Jl(p⊥)Jl′(p⊥r)]
]
.
(A.48)
The ω dependence originates from satisfying the energy delta functions in the Bogoliubov coefficients and become a
restriction on the allowed l terms. The ω dependence also determines the contribution from each term in (34) through
the limits in the l summations. For example, in flat space with ω → 0 we get only a contribution from the first term
8with a summation going from −∞ to∞, implying βj,j′ = 0 and hence degeneracy between the rotating and flat space
vacua.
In order to simplify (A.48) we can use the Bessel function relation (A.43) and make the substitution l → −l,
l′ → −l′ to re-write the last term as
r
16pi3
∞∑
l=⌈Ep−m
ω
− 1
2
⌉
∞∑
l′=⌈Ep−m
ω
− 1
2
⌉
e−i(l−l
′)(θ−(θp+pi2 )) [(Ep +msz)Jl(p⊥r)Jl′ (p⊥r) + (Ep −msz)Jl+1(p⊥r)Jl′+1(p⊥r)] .
(A.49)
Using a similar trick we can write the two middle terms as
r
16pi3
⌊Ep−m
ω
− 1
2
⌋∑
l=−∞
∞∑
l′=⌈Ep−m
ω
+ 1
2
⌉
e−i(l−l
′+1)(θ−(θp+pi2 )) [(Ep −msz)Jl′Jl+1 + (Ep +msz)Jl′−1Jl]
r
16pi3
∞∑
l=⌈Ep−m
ω
+ 1
2
⌉
⌊Ep−m
ω
− 1
2
⌋∑
l′=−∞
ei(−l+l
′+1)(θ−(θp+pi2 )) [(Ep −msz)JlJl′+1 + (Ep +msz)Jl′Jl−1] ,
(A.50)
then by redefining l and l′ as shifts by 1 to match the limits of the sums, we can write them as
r
16pi3
⌊Ep−m
ω
− 1
2
⌋∑
l=−∞
∞∑
l′=⌈Ep−m
ω
− 1
2
⌉
e−i(l−l
′)(θ−(θp+pi2 )) [(Ep −msz)Jl′+1(p⊥r)Jl+1(p⊥r) + (Ep +msz)Jl′(p⊥r)Jl(p⊥r)]
r
16pi3
∞∑
l=⌈Ep−m
ω
− 1
2
⌉
⌊Ep−m
ω
− 1
2
⌋∑
l′=−∞
e−i(l−l
′)(θ−(θp+pi2 )) [(Ep −msz)Jl+1(p⊥r)Jl′+1(p⊥r) + (Ep +msz)Jl′(p⊥r)Jl(p⊥r)] .
(A.51)
In total this allows us to write the four terms as
r
16pi3
[
+
⌊Ep−m
ω
− 1
2
⌋∑
l=−∞
⌊Ep−m
ω
− 1
2
⌋∑
l′=−∞
e−i(l−l
′)(θ−(θp+pi2 )) [(Ep +msz)Jl(p⊥r)Jl′ (p⊥r) + (Ep −msz)Jl+1(p⊥r)Jl′+1(p⊥r)]
+
∞∑
l=⌈Ep−m
ω
− 1
2
⌉
∞∑
l′=⌈Ep−m
ω
− 1
2
⌉
e−i(l−l
′)(θ−(θp+pi2 )) [(Ep +msz)Jl(p⊥r)Jl′ (p⊥r) + (Ep −msz)Jl+1(p⊥r)Jl′+1(p⊥r)]
+
⌊Ep−m
ω
− 1
2
⌋∑
l=−∞
∞∑
l′=⌈Ep−m
ω
− 1
2
⌉
e−i(l−l
′)(θ−(θp+pi2 )) [(Ep −msz)Jl′+1(p⊥r)Jl+1(p⊥r) + (Ep +msz)Jl′ (p⊥r)Jl(p⊥r)]
+
∞∑
l=⌈Ep−m
ω
− 1
2
⌉
⌊Ep−m
ω
− 1
2
⌋∑
l′=−∞
e−i(l−l
′)(θ−(θp+pi2 )) [(Ep −msz)Jl+1(p⊥r)Jl′+1(p⊥r) + (Ep +msz)Jl′(p⊥r)Jl(p⊥r)]
]
,
(A.52)
which we can write simply as the double summation
Epr
8pi3
∞∑
l=−∞
∞∑
l′=−∞
e−i(l−l
′)(θ−(θp+pi2 ))Jl(p⊥r)Jl′ (p⊥r) . (A.53)
Through this calculation we can see the total contributions from each term in (34), regardless of ω, will sum up to a
double infinite sum just as if we had originally taken ω → 0. This is the reason we see no observable effect between
rotating and inertial frames.
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